1. Introduction. 2 The generalizations and analogues of regular continued fractions due to Pierce [8] , Lehmer [5] , and Leighton [ó] concern the iteration of rational functions to obtain rational approximations to a real number. The present generalization proceeds from the fact that the continued fraction where ƒ(/) = 1/t. This suggests the possibility of using functions other than 1/t to obtain generalizations of (1.1). In §2 a class F of functions which includes 1/t is defined and in §3 meaning is given to (1.2) for each ƒ G F and each sequence a%, a 2 , a Zl • • • of positive integers. An algorithm is given for obtaining for a fixed ƒ G F an expression of the form (1.2) corresponding to each number x in the interval 0<#<1; this expression is then called the f-expansion of x. The analogue of the nth. convergent of a simple continued fraction is defined, and its behavior with respect to x is noted. In §4 the form (1.2) is called an f-expansion when ƒ G J 7 and ai, a 2 , a 8 , • • • is a sequence of positive integers. The convergence and some idea of the rapidity of convergence of an /-expansion are established. The one-to-one correspondence between/-expansions and /-expansions of numbers x, 0<#<1, is given in §5 by Theorem 5. In §6 statistical independence of the a tof an /-expansion is defined in the customary way and a subclass F p of F for which the ai are statistically independent is considered. Various sets of numbers x whose/-expansions are restricted by conditions on the at are considered and the linear Lebesgue measures of these sets are given. In §7, when ƒ G F P9 certain sets of numbers x which have been studied for ƒ(/) = 1/t by Borel [2] and F. Bernstein [l] are shown to be of measure zero.
2. The class F. Let F denote the class of real functions ƒ(/) defined for /^l and having the following properties:
there is a constant X such that 0 <X < 1 and
3. The/-expansions of numbers. Let fit) G F and # be a fixed number, 0<#<1. Let ZQ be defined by x~f(zo) and let the sequences zu In this case it is easy to see that 0*^2 and that the/-expansion of x is equal to x. If 0,^0 for w = l, 2, • • • , then the expansion will not terminate and we shall call To facilitate notation we introduce the function </> n (t) defined when /£.F and a x , a 2 , • • • is a sequence of positive integers by
A simple induction proves the following lemma. [December LEMMA 1. The function <f> n (t) is a decreasing (increasing) function oft when n is odd (even). THEOREM 1. If f ^F and 0<#<1, then the odd (even) convergents of the f-expansion of x form a decreasing (increasing) sequence bounded below (above) by x; thus
When <f> n (t) is defined by (3.5), we have #»=# n (0), x**<f> n ($ n ) t and # w+1 =<£ n (/(an+i)). Since f(a n+ i)*zO n >0, we can apply Lemma 1 to obtain x n >x*zx n +i when n is odd and x n <x£x n +i when n is even. Since/(a n+1 +/(^n+2))>0 and x n +2=s<t> n (f(a n +i+f(a n +î))), we similarly have x n >x n +2 when n is odd and x n <x n +2 when n is even. These inequalities establish Theorem 1. w&ere /(ai, #2, • * • , a n ) is tóe closed interval with end points at x n and y n .
Proof of (4.3) is identical with a part of the proof of (3.6). The conclusion (4.4) follows from Lemma 1 since x n «^(O), Xn+i = <t> n (f(a n +i)), y n = 4>n(l), and 0 < f(a n+1 ) <; 1. [
+ /(a 2 + u)] -[a! + /(a 2 + v)] f(a 2 + u) -f(a 2 + v)
If a 2 = 1, then ai+/(a 2 +w) >ai+f(a 2 +v) ^ l+/(2) when a\ is a positive integer and 0<u<v£l, so that by (2.5) and (2.4) the first and second factors of the product of which the least upper bound is taken in (4.7) are less than X 2 and 1, respectively. If a 2 â2>l+/(2), then the first and second factors are less than 1 and X 2 , respectively. So we have A n + 2^\ 2 A n , n»l, 2, • • • . Since A%£iAi<l, the statement (4.6) follows easily by mathematical induction. THEOREM 
If fÇî.F f then each infinite f-expansion converges to a number x in the interval
where X is the constant in (2.5).
From Theorem 2 and Lemma 2 we conclude that |# n -fi-%n\ ^X n *" 2 for n = 1, 2, • • • and since 0 <X < 1, x n converges to a number x which by (4.3) lies in each of the intervals from x n to # n +i. This proves (4.8). THEOREM 
If f £.F and 0<x<l t the f-expansion ofx converges to x.
In the terminating case the /-expansion of x obviously equals x and in this sense converges to x. In the non-terminating case the conclusion follows directly from Theorem 3 and the corollary to Theorem 1. Henceforth we shall use the notation x =ƒ(a x +f(a 2 + • • • to mean that the/-expansion on the right side converges to x.
When ƒ(/) -1//, the least upper bound of |/(#) -f(y)\/\x~ y\ for 3/2 <x <y is (2/3) 2 , and so we may take X = 2/3. It follows from (4.8) that
From the theory of simple continued fractions we know [7, 4] that
where s = (3-5 l/2 )/2. Comparison of (4.9) and (4.10) shows that our method of obtaining estimates of the rapidity of uniform convergence of/-expansions gives, when applied tof(t) = l/t, an estimate which is similar in form to the stronger estimate of (4.10).
5.
Uniqueness. In this section we establish a one-to-one correspondence between /-expansions and /-expansions of numbers x, 0<#<1. We note, as in simple continued fractions [7, p. 22] , the following lemma. 
